. Sequences of positive integers with the consecutive integer property.
Consider a sequence of k positive integers {ai} = a,, . . ., a k with the following properties : (i) ai < k for all i, (ü) (the consecutive integer property) There is an n such that ai is the quotient when n + i is cleared of all its prime factors greater than k . Or, for each prime p -k, the pattern of that prime and its powers in the a's is the same as the pattern of that prime and its powers in some sequence of k consecutive integers .
Notice that the sequence l, 4, 3, 2 satisfies the above properties since the consecutive integers 19, 20, 21, 22 factor into 1 • 19, 4 . 5, 3 . 7 2 . 11 . The sequences 2, 3, 1 and 2, 3, 2 satisfy (i) but not (ü) since if n + 1 is twice an odd number, then 4 divides n + 3 . The sequence l, 6, 1 satisfies (ü) (with n + 1 = 5)
but not (i) . Our plan is to show that each integer r, 1 < r < k, occurs exactly once as one of the a's . Then jail will be a permutation of 1, . . ., k . Let S = n + 1, . . ., n + k be a sequence where n + i = ai b i , a i < k, and all prime factors of b i are greater than k . Consider first an integer r such that k/2 < r < k . In any sequence of' k consecutive integers, there are one or two multiples of r . Suppose there were two such multiples of r in S. Then one of these would be divisible by 2r, so 2r P . Erdős, C . B . Lacampagne and J . L. Selfridge would divide one of the a's, which is impossible since 2r > k . Thus exactly one of the elements of S is a multiple of r. Let n+j = rq. Then r = aj , and q = b j .
In the general case, consider integers r and s such that kl(s+ 1) < r < kls where s < k/2 . In any sequence of k consecutive integers there are s or s + 1 consecutive multiples of r . Suppose there were s+ 1 such multiples in S . Then one of these and its corresponding a would be divisible by (s + 1) r . But (s + 1) r > k so this a would be greater than k which violates property (i) . Thus there are exactly s elements of S which are multiples of r.
Notice that the s quotients (n+j)lr, . . ., (n+j+(s-1)r)lr, are a sequence of consecutive integers . Write these quotients as c i d i , 1 < i < s, where the primes dividing c i are less than or equal to k, and the primes dividing d i are greater than k . It is clear that each rc i is one of the a's . Since re j < k, c < < k/r < s+1, and c i , . . ., cs has the consecutive integer property . Since s < k/2, our theorem shows that the c's are a permutation of the numbers 1 through s. Thus r occurs exactly once as one of the a's, for each r >, 2 . The remaining a i must be equal to 1 . List of solutions }a j }, 1 < i < k, with properties (i) and (ü) . From our theorem we know that {a j} is a permutation of 1, . . ., k . However, very few of the k! possible permutations have the consecutive integer property . We list solutions below .
The identity permutation e = 1, . . . , k is a solution, since there is always a sequence of consecutive integers {n + i} when n -0 (mod H p'' ( P), and h (p) is P-<k the least integer such that p' ( P ) > k . For instance, if k = 4, n -0 (mod 2 3 3 2), and the consecutive integers 73, 74, 75, 76 factor into 1 •7 3, 2 3 4 . 19 . Also n = 48 works (and of course n = 0) .
The pa swap, where pa swaps with p a-', is a solution when pa < k < pa +pa-' . For example, 1, 4, 3, 2 is a 2 2 swap . The r(u, j) permutation, where 6u±1 and 12u-1 are primes, k = 12u-3, and u > 1, is a family of 2i solutions . Here ak = 1, ak I = 2, a6u I = 6u -1, a6u -3 = 6u+1, and for all other a j , a i = i+2 . Also there are j additional optional twin prime swaps, one for each pair of twin primes 6r + 1, u < r < 2u, in positions 6r-3 and 6r-1 . (Ifk = 9, u = 1 and r(1, 0) = s • 23 . 32 . We could describe 5, 4, 3, 2, 1 as a degenerate r-type permutation of 1, 2, 3, 4, 5 with u = 2/3 .)
The p + 2 twin prime double swap swaps p with p + 2 and 2 with 2p when k = 2p or 2p+1, p and p+2 are twin primes, p > 5 . (If k=6, 3+2=s-t ; if k = 7, 3+2 = s-V ; if k = 10, 5+2 = s-í-2 3 . 32 ; if k = 11, 5+2 = s-2 3 . -3 2 . 11 1.) R e m a r k 4 . The t-shift and the p+ 2 twin prime double swap commute .
Consider a solution {aj}, with a t = 1 ; a i = i for i = 2, p, p + 2 and 2p ; k + l prime ; and k/2 = p and k/2 + 2 = p + 2 twin primes . Then t followed by p + 2 or p+2 followed by t gives 2p, a 3 , . . ., ap t , p+2, ap+r, p, ap+3, . . ., a 2p -t , 2, 1 . The general case presents no added difficulty . This completes our list of solutions . Table 1 provides an easy reference for conditions-under which a particular value of k can have a given solution . r(u, j) permutation r(u, j) k = 12u-3 ; 6u±1 and 12u-1 primes ; k > 9 p+2 twin prime double swap p+2 k = 2p or 2p+1 ; p and p+2 primes ; k > 11
Definitions, remarks and strategy . For many months we were unable to prove that our list of solutions was complete. We wrote a program to check that the above list was complete for fixed k, and ran the program for all k < 5000 . The definitions, remarks and strategies that follow, developed while writing and using the program, together with the suggestion of W . H . Mills that we use induction, led to the proof that our list was complete (the main theorem) .
We say that a prime power pa is in position if pa I ad exactly when pa I d ; p° is placed in orforced into position if any other placement of pa would force aj > k for some j < n . A number n is said to be in position if each of the prime powers dividing n is in position .
Remark P r o o f . a < < k forces n and n + k + 1 to be multiples of k + 1 . This means that each proper prime power factor of k+ 1 is in position.
Strategy for the placement of primes . For a particular value of k and a particular prime p, assume all primes less than p and all powers qa, q"+ qa-1 < k with a >, 2, are in position. We wish to place p . Notice that for p > k/2, p cannot be placed on 2, 3, . . ., p-1, or p+1, else the resulting a i would be greater than k . Thus p is placed in position when p+ 1 < k < 2p . We call the set A = 2, 3, . . . , p-1, p + 1 a blocking set. Notice that when p = k, we cannot force p into position using A, but the blocking set 2, 3, . . ., p-1 forces p into the first or kth position, which agrees with the p l swap.
When p + 2 < k < 3p, the blocking set B = 3, 4, . . ., p -1, p + l, p + 2 will place p in position unless p+2 is prime. (When p = 3, B = 4, 5.) ] we will place p in position using induction, described later . If p >, [k/2] and k > 2p (i .e ., k = 2p or 2p+ 1), and p and p+2 are twin primes, there are two possibilities for placing p and p+2 . These are dealt with by the p + 2 twin prime double swap . Notice that the swapping of p and p + 2 in no way interferes with the blocking set A when placing the primes between p + 2 and k .
In the inductive proof that follows, our strategy will be to place all primes less than [k/2] by an inductive procedure . We will need to place the powers of these primes which have not been placed by induction .
Assume all primes p less than [k/2] are in position (after possible renumbering of the a's), and we wish to place pa . Assume further that the exponent a > 2 . If p a < k < pa + p a-1 , we use the blocking set 2pa -1 , 3pa -1 , . . . . . . , (p -1) pa -1 to force pa into one of two possible places, agreeing with the pa swap . If pa + p a-1 < k < 2pa, we simply use blocking set pa-1 A (i .e ., blocking set A with each member multiplied by pa-1 ) to place pa . If pa +2pa -1 < k < 3pa, we can use blocking set pa-'B = 3 p a-1 , . . . The placement of the powers of 2 and all prime powers less than k/3 will be done by induction . Thus all appropriate prime powers will be in position .
THEOREM 2 (The main theorem) . If Ja i }, I < i < k, has (i) a i < k for all i and (ü) the consecutive integer property, then {at } is one of the listed solutions . P r o o f . Our proof is by induction . We prove the theorem true for k < 6, and at the same time we set up inductive sets for each k/2 or (k-1)/2 which are used to generate all possible solutions for k. These inductive sets (sequences) consist of solutions up to symmetric flips for k/2 or (k-1)/2 when the sets are augmented by p for each pa swap . We exclude from our inductive sets any r (u, j) permutation and any twin prime double swap since, as we prove below, they do not induce any solutions for k .
Start by assuming that we have all solutions for [k/2] . We wish to find all solutions for k . Let a l , a 2 , . . ., a k be any sequence which has properties (i) and (ü). For k even, let the sequence a j , a ;+2, . . ., a;+k_2, with j = 1 or 2, be the subsequence of even integers in {ak } . Let a j = 2 b1> a;+2 = 2 b2, . . ., a,+k-2 = 2bk / 2 . For k odd, a 2 = 2b 1 , a 4 = 2b 2 , . . ., ak _ 1 = 2b(k_1)/2 . The sequence {b i }, 1 < i < [k/2], has properties (i) and (ü) for [k/2] . So the sequence of b's must be one of the solutions for [k/2] . We use our inductive sets to fix the evens in {a k } and hence the primes less than [k/2] . We then use the blocking sets described above to place the remaining powers and the larger primes .
List of solutions for small k . For k = 1, we have only the identity permutation . For k = 2, we have two solutions : the identity and its symmetric flip . In general we find half the solutions from the inductive set(s), and the others from the fact that the symmetric flip of any solution is a solution .
For k = 3, we again have two solutions : the identity and its symmetric flip . So our inductive set is 1, 2, 3 . We have four solutions forr k = 4 : the identity, the 2 2 swap and their symmetric flips . Here our inductive set is 1, 2, 3, 2 which leaves the 2 2 swap open . (In the solutions by induction for k = 8 and 9 there is a corresponding 2' swap .) For k = 5 we again have four solutions : the identity, the 2 2 swap and their symmetric flips . (Notice that 5' = s -2 2 .) We take our inductive set to be 1, 2, 3, 2, 5 again leaving the 2 2 swap open .
We choose to begin our induction with k = 6 . Since k+1 is prime, we work with k+2 = 8 and place the factors of 8 in position . We now have seven positions, but we do not know whether the solutions will come from the left six or the right six . Let us call this set of positions a tableau. With Since our inductive set for k/2 = 3 is l, 2, 3, the corresponding a's are 2, 4, 6 . They must be placed consecutively in every other slot of our tableau, and indeed can only be placed on the 2, 4, and 2 in positions 2, 4, and 6 . Now since 6 is in position, 3 is placed in position and we can use blocking set A to place 5 . Our tableau now looks like this : 1 2 3 4 5 6 1 1 8 .
Here we have seven numbers in our tableau, and we need only six . We evidently have two solutions : the left six or the right six . Note that the left six positions are the identity permutation while the right six account for the t-shift . Thus there are just four solutions for k = 6 : the identity, the t-shift and their symmetric flips . We have two inductive sets : 1, 2, 3, 4, 5, 6 and 2, 3, 4, 5, 6, 1 . We use the notation 1], 2, 3, 4, 5, 6, [1 to indicate these two inductive sets in Table 2 .
In the case of k = 7, we have to place exactly three even integers . So they must be placed in even positions. We proceed exactly as for k = 6, and finally 7 can be placed in position 1 or 7 . Of course, this represents the 7 1 swap. So we have four solutions, and our inductive set is 1, 2, . . ., 6, 1 .
For k = 8, we use k+ 1 = 9 to set our tableau, and place 3 in positions 3 and 6 : 1131131119 .
Since our inductive set is 1, 2, 3, 2, we must place 2, 4, 6, 4 in positions 1, 3, 5, 7 or in positions 2, 4, 6, 8 . But the 3 in position 6 forces us to place the 6 in position . Our tableau now looks like this :
.
We use blocking set A to place 5 and again to place 7 . We have four solutions : the identity, the 2 3 swap and their symmetric flips, and our inductive set for k=8is 1, 2, 3, 4, 5, 6, 7, 4 .
For k = 9, we have exactly four even integers to place . So they must be placed in even positions . We place 5 and 7 using blocking set A . There are eight solutions generated by 2 3, 3 2 and s .
For k = 10, we set our tableau using 12 since 11 is prime : 1 2 3 4 1 6 1 4 3 2 1 1 12 .
The five evens are placed in position, and we use blocking set A to place 7 in position . Again our tableau has k+1 entries : 1 2 3 4 5 6 7 4 3 10 1 1 12 .
We have 16 solutions generated by 2 3 , 3 2 , t and s, and two inductive sets, the left and the right .
For k = 11, the five even integers must be placed in even positions . We proceed as for k = 10, getting 16 solutions generated by 2 3 , 3 2 , l I t and s .
Finding solutions for k = 12 illustrates another case . Since k+ 1 is prime, we use k+2 = 14 to set our tableau : 1212127212121 1 14 .
Since k/2 = 6, we have two inductive sets (the t-shift and the identity) and two possible placements for the evens : Notice that the right inductive set (top tableau) forces a 3 on the 7 in position 7 which violates property (i) . So we must use the bottom tableau . Let us generalize this .
R e m a r k 8 . In the case where k+ 1 is a prime p and k+ 2 is twice a prime 2q, we have q -1 (mod 3), and the right inductive set on k/2 will force a 3 on q, giving 3q > k which contradicts property (i) . Thus we need only consider the left inductive set in this case .
Returning to k = 12, Mocking set 3A = 6, 12 places 9 in position, then A is used to place 11 in position . Our tableau now leads to the four solutions for k = 12 : the identity, the t-shift and their symmetric flips . Table 2 above gives inductive sets and solutions for k < 27 .
Remark 9 . Inducting on any r (u, j) permutation solution leads to a contradiction. Thus we never include an r (u, j) permutation among our inductive sets .
Proof . Suppose we used an r (u, j) permutation as an inductive set and [k/2] = 12u -3 . Then k = 24u -6 or 24u -5, and we can set our tableau using 24u-4, forcing even integers into even positions . The r (u, j) inductive set forces 2 (6u + 1) into position 2 (6u -3), and thus 6u + 1 is in position 6u -7 . But all primes and their powers less than 6u-1 are four positions down (i .e ., a2 = 6, a4 = 8 , . . .) . Thus 6u -3 crowds into position 6u -7 . And since (6u + 1) x x (6u -3) > k, property (i) has been violated . Thus we never include an r (u, j) permutation among our inductive sets . R e m a r k 10 . Inducting on the twin prime double swap solution leads to a similar contradiction . Thus we do not include the twin prime double swap among our inductive sets . P r o o f . Suppose the twin prime double swap were used as an inductive set . Then we would use it to place the small primes in position, to place 2p in position 2p+4, and to place 2p+4 in position 2p (after renumbering the positions if necessary) . Then p+2 would be in position p-2 . But all prime power factors of p -2 would also be there . And (p -2) (p + 2) > k, contradicting our assumption . Thus we can never use the twin prime double swap as an inductive set.
In C a s e 1 : k odd. When k is odd, we must place precisely (k -1)/2 even integers . Thus even integers must be placed in even positions .
l .c . When k + 1 is not twice a prime, we do not have a t-shift among our inductive sets . Thus our inductive set is unique and is uniquely placed . All primes less than (k-1)/2 are placed in position using the inductive set, and as described above, all powers of these primes are placed in position . If k = 2p + 1, we try to place p using blocking set B . If p and p+2 are twin primes, they are in position or in each other's position, the twin prime double swap . In any case, all other primes q with k/2 < q < k are then placed using blocking set A . We have the identity, possible p° and twin prime double swaps and their symmetric flips . l .p : k+1 = 2p . When k+1 = 2p, we have two inductive sets : the left (k-1)/2 and the right (k-1)/2 . The left inductive set places evens in position . The right inductive set places evens two down from position (a 2 = 4, a4 = 6, . .) .
l .p .c . k+ 1 = 2p and p+2 not prime . Setting a tableau on k+ 1 places p in position, while the right inductive set forces all factors of p + 2 into this same position, which violates property (i) . Thus, the right inductive set cannot be used, and we must use the left inductive set . Now all primes less than p are placed using this inductive set, and their powers are then placed in position . The primes q with p < q < k are placed using blocking set A . Our solutions are the identity, possible p a swaps and their symmetric flips . Using the right inductive set, factors of k+2 will be placed two positions down giving ak = k + 2 and violating property (i) (k + 2 qa since 31k and k+1 = 2p q a -1) . Using the left inductive set and prime power blocking sets places in position all primes less than p and their powers . Primes greater than p are then placed using blocking set A . Thus the identity, possible pa swaps and their symmetric flips comprise all possible solutions .
Lp .p .p . k + 1 = 2p, p + 2 prime and k + 2 prime . The left inductive set places all primes less than p in position and then their powers are placed in position . All primes greater than p are placed using blocking set A . Thus solutions using the left inductive set are the identity, possible pa swaps and their symmetric flips .
The right inductive set places all primes less than p and their powers two positions down . Let us renumber the positions in our tableau with new numbers 3 to k+2 so that these primes and powers will be "in position" . But this renumbering will place p in the new position p + 2 . This will force p + 2 into position p using blocking set 3, 4, . . ., p -l, p + 1, p + 2, p + 3, p + 4. Now all primes greater than p+2 will be placed in position using blocking set B unless there are a pair of twin primes, in which case the twin primes may be placed in position or swapped . This, of course, gives the r(u, j) permutation plus its j optional twin prime swaps . Possible pa swaps and symmetric flips complete the description .
C a s e 2 . : k even. In the case where k is even, we have two possible placements for the evens . So we will always use a tableau .
2.c. k + 1 not prime . We set our tableau using k + 1 . Let q be the least prime divisor of k+ 1 . Thus (k+ 1)/q is in position and also in position 2 (k+ 1)/q . Notice that for k > 8, (k+1)lq is at least 5 and if of the form pa, then p a +pa -1 < 4pa/3 = 4 (k + 1)/3q < 4 (k+ 1)/9 < k/2 . Thus (k+ 1)lq occurs in the inductive set . Now there are at most two inductive sets and two possible placements of the evens in our tableau . These place 2 (k + 1)lq in position or 1, 2, or 3 down from position in our tableau . But (k+ 1)lq is in position 2 (k+ 1)lq, so 2 (k + 1)lq must also be there, and not 1, 2, or 3 down .
Thus the left inductive set must be used, the evens are in position, and all primes less than k/2 and then their powers are placed in position . If k = 2p, we try placing p using blocking set B . If p and p + 2 are twin primes, they must be in position or in each other's positions (the twin prime double swap) . All other primes greater than k/2 are placed using blocking set A . Thus the solutions to this case are the identity, possible pa and twin prime double swaps and their symmetric flips. 2 .p : k + 1 prime . Since k + 1 is prime, we set our tableau on k + 2, fixing evens in even positions . 2 .p .c . k + 1 prime and k + 2 not twice a prime . Since k + 2 is not twice a prime, we have a unique inductive set which the tableau uniquely places . All primes less than k/2 and then their powers are placed in position . If k/2 = p, we try placing p using blocking set B . If p and p+2 are twin primes, they again are in position or swapped (the twin prime double swap) . All other primes greater than k/2 are placed in position by blocking set A . Since we have k + 1 positions, we can use either the left k or the right k, giving as solutions the identity, the t-shift, possible p°and twin prime double swaps and their symmetric flips . 2 .p .p . k+1 = p, k+2 = 2q . We set our tableau on k+2 to place into position the even integers and q . By Remark 8, we must use the left inductive set, placing all primes less than q and then their powers in position . We use blocking set A to place all primes greater than q . But we still have k + 1 positions . We may use either the left k or the right k, thus giving as solutions the identity, the t-shift, possible p° swaps and their symmetric flips .
Numbers of solutions. Except in the case where k = 12u -3 with 6u + 1 and 12u-1 primes (the r(u, j) permutation), there are surprisingly few solutions . 'fable 3 gives the r(u, j) permutations for k < 5000 .
(1) b is the number of p°swaps for the given k .
Total number of solutions for k=12u-3 is 2-1 (2'+1). Table 4 gives the number b of pa swaps for each k from the value listed up to but not including the next value listed . For example, there are two p°swaps far each k from 169 through 181 .
The twin primes in Table 5 can be used to find p + 2 twin prime double swaps as well as to verify the number of optional twin prime swaps, j, in the r (u, j) permutation .
We can easily use Tables 3, 4 and 5, together with a table of primes, to find the number of solutions for any k < 5000 . The b column in Table 4 gives the number of pa swaps (a > 1) between indicated values of k . 21  11  13  23  1 1  2037 1019 1021 2039 26 0  57  29  31  59  1 0  2061 1031 1033 2063 25 1  81  41  43  83 2 2  2097 1049 1051 2099 26 1  357  179  181  359  8 2  2457 1229 1231 2459 30 3  381  191  193  383  7 2  2577 1289 1291 2579 29 3  477 239  241  479  7 0  2901 1451 1453 2903 32 2  561  281  283  563  6 1  2961 1481 1483 2963 31 1  837 419  421  839 11 1  3861 1931 1933 3863 42 0  861 431  433  863 11 2  4257 2129 2131 4259 46 1  1281 641  643  1283 The number of solutions for the r (u, j) permutation gets very large as u increases because of the apparent increasing number of pairs of twin primes between 6u + 1 and 12u -1 . The total number of solutions for k = 12u -3 is2b+ 1 (2'+1) : the 2' permutations from the j twin prime pairs plus the identity, each of those allowing b additional p° swaps, and all of them finally being symmetrically flipped . Notice that the largest number of solutions for k < 5000 is for k = 4677 with 4 (2 50 + 1) solutions. 0  64  1  192 0 512 1  992 0 2048 1 3072 0  16  1  81  2 243  1  529  2 1024 1 2187 2 3125 1  24  0  96  1  256  2  552 1 1331 2 2197 3 3481 2  25  1  108 0 289  3  625  2 Except for those k's which have an r (u, j) permutation, the largest number of solutions for any k < 5000 is 64 . For example, k = 2458 has 64 solutions : the 2 3 permutations involving the 2", 3' and 7 4 swaps, each of which can be 1229 + 2 twin prime double swapped, each of these in turn can be t-shifted, and finally all resulting permutations can be symmetrically flipped . There are a total of 16 k's up to 5000 which have 64 solutions (the eight p-1, p pairs at p = 2459, 2579 and at the six primes between 2209 and 2256) . Table 6 gives the number of k < 4096 in ranges 2` < k < 2`+i where the only solutions are the identity and the symmetric flip . There are 722 or approximately 18% of the k's less than 4096 that have only these two solutions . ®n the other hand, there are no k, 2 39 < k < 2 40 with only the two solutions . Of course (3) impPics that for every E > 0 there is an h so that the logarithmic density of the integers k which satisfy (1) for some p > h is less than epsilon since 1/(p In p) converges . Here we only use that the rth prime is greater than cr In r ; i.e ., we do not need the prime number theorem . Now from the rational independence of In p we immediately obtain from (3) and the sieve of Eratosthenes that the logaritmic density of the integers which do not satisfy any of the inequalities (1) exists and equals (4) H(I-In(1 +1/p)/lnp) = c, 0 < c < I, P where (4) is extended over all primes p > 2, since as stated the product converges. Table 7 shows that the density is less than .1799 and seems to be converging nicely. In the region between 5/3 million and 2 million, it has decreased by only .0001 .
If (1) is replaced by pa < k < p a + tP p a -t the logarithmic density exists and is positive as long as (5) tP/(p In p) < co .
P
It is easy to see that if (5) diverges then the logarithmic density of the integers which are in none of these intervals is zero . It might be of interest to investigate for which values of the sequence tP there are infinitely many such k's when Y t p/(p In p) = co . We have not worked on this .
We have used the logarithmic density since it is easy to show that the lower density is zero while the upper density is positive . Denote by A (x) the number of integers k < x which do not satisfy any of the inequalities (1). It easily follows from the linear independence of the logarithms of the primes that lim inf A (x)/x = 0 since for every b there are infinitely many integers x so that all the integers x < k < Sx satisfy at least one of the inequalities (1 to bound from below the largest integer h (x) < x which does not satisfy any of the inequalities (1). Also we could try to give reasonably good upper and lower bounds for A (x) . Let b (k) be the number of solutions of (1). We have determined this number up to 5000 (Table 4) THEOREM 4 . If a,, . . ., a k is a sequence of k positive integers with the consecutive integer property and a i < k+1 for all i, then no integer will appear twice . In the case where fl a i = k!, ai 5 k, for any prime power factor q of k+ 1 must divide aq . In the case where fl a i k!, the sequence will be a permutation of the first k+ 1 positive integers with one integer deleted . Moreover, the deleted integer which aj = k + 1 replaces will be gcd (j, k + 1) .
The proof is similar to that of Theorem 1 and is left to the reader . The smallest k for which max a i = k + 2 and 11 a i = k ! is k = 4 where the sequence of consecutive integers }n + i} with least n is 41, 42, 43, 44 . For k = 10, the sequence with least n is 7186, . . ., 7195 . We hope to investigate further the case when some a i > k and fI a i = k! in a later paper. Positive deficiencies occur only if gcd ((k), k!) = 1 and at least one of the bi = 1 . For every k there seem to be several binomial coefficients with a deficiency of 1 . For example, for k = 10, we simply make a tableau similar to those in Section 1 of this paper, loading as many prime power factors of small primes as allowable on one slot of the tableau, and find d(635, 10) = 1 . We have no similar way to construct deficiencies of 2 for given k . However, for fixed k and N large, (k)
will not have positive deficiency . We hope to make a more systematic study of binomial coefficients with positive deficiencies in a later paper. corresponding to the two solutions {1, 4, 3, 2, 5} and {1, 2, 3, 4, 5} . For each of the eight primes up to 5000 which has 64 solutions, 32 of these solutions have the property that ak = k . Notice that the number of solutions with a k = k is always a power of 2 .
Our study of sequences of integers with the consecutive integer property and of prime factors of binomial coefficients has led us to consider many related problems, too numerous to investigate in this paper . We hope to investigate these problems in a later paper, should we live that long .
We would like to thank Robert Morris for helpful discussions .
